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1 Introduction 

Special Lagrangian submanifolds of complex Euclidean space C n have been 
studied widely over the last few years. These submanifolds are volume mi- 
nimizing and, in particular, they are minimal submanifolds. When n = 2, 
special Lagrangian surfaces of C 2 are exactly complex surfaces with respect 
to another orthogonal complex structure on M 4 = C 2 . A very important 
problem here, and even a good starting point to study the not well under- 
stood problem about singularities of special Lagrangian n-folds in Calabi-Yau 
n-folds, is finding (non-trivial) examples of special Lagrangian submanifolds 
in C n , since those are locally modeled on singularities of these. 

In [2], R. Harvey and H.B. Lawson constructed the first examples in C n , 
where we point out the Lagrangian catenoid ([1, Remark 1], [3, Theorem A] 
and [5, Theorem 6.4]) to show a method of construction of special Lagrangian 
submanifolds of C n using an (n-l)-dimensional oriented minimal Legendrian 
submanifold of § 2n_1 and certain plane curves (for a better understanding, 
see Proposition A in section 2). Making use of this method, we include in 
section 2 three new examples of special Lagrangian submanifolds which have 
not been exposed yet. 

In [5], more examples of special Lagrangian submanifolds of C n were 
constructed, all of them with cohomogeneity one, that is, the orbits of the 
symmetry group of the submanifold are of codimension one. Examples of 
special Lagrangian cones of cohomogeneity two were given in [3] and [5]. 
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Recently, in [6] and [7], D. Joyce studied in depth special Lagrangian 3- 
submanifolds invariant under U(l), where in general U (n) denotes the unitary 
group. 

In this paper we make a modest contribution to the construction of special 
Lagrangian submanifolds of C n in the following way. We consider the group 
SO(p + 1) x SO(q + 1), with p + q + 2 = n, acting as a subgroup of the 
isometries group of C n as follows: 



(A,B) E SO(p+l) x SO(q+l) 



A 






B 



E U(n), 



and we analyze the special Lagrangian submanifolds of C n invariant under the 
above action. When either p — 1, q — or p — 0, q — 1, up to congruences, we 
are considering the L r (l)-invariant special Lagrangian 3-submanifolds studied 
by Joyce in [6] and [7]. The orbits of this action are isometric to the product 
of two spheres S p x E> q embedded in C n as a product of two totally geodesic 
Legendrian submanifolds: 

§P X §9 ^ §2p+l x g2q+l c C p+1 x C q+1 = £ n _ 

When p, q > 2 the special Lagrangian (SO(p+ 1) x SO(q + l))-invariant sub- 
manifolds can be described in terms of the above totally geodesic Legendrian 
submanifolds and certain Lagrangian surfaces of C 2 whose definition can be 
found in Theorem 1. Following a similar idea to the explained before, in 
Theorem 1 the above examples are generalized changing the totally geodesic 
Legendrian submanifolds by a pair of minimal Legendrian submanidolds in 
odd-dimensional spheres. These Lagrangian surfaces of C 2 that appear in our 
construction will be studied in section 4 and can be considered as a generali- 
zation of the special Lagrangian surfaces of C 2 . It is possible to describe them 
locally in terms of the solutions of the nonlinear Cauchy-Riemann equation: 

/* = 9v, (q + 1) V + x 2 )^ 9x = -(P+ 1) V + y 2 )^ 1 fy, 

where f,g:U C M 2 — > M. are differentiable functions (except at singular 
points) and p, q are nonnegative integer numbers. Therefore we expect that 
hard work involving the analytic techniques developed by Joyce in [6] and 
[7] would be successful in order to get existence, uniqueness and regularity of 
weak singular solutions of the above partial differential equations on strictly 
convex domains. 
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In Corollary 1, we construct in detail a 4-parameter family of such a class 
of Lagrangian surfaces of C 2 from two couples of plane curves. Finally, in 
Corollary 2, we describe explicitly a 2-parameter subfamily of cylinders that 
generalize a family of complex curves of C 2 studied in [4] by D.Hoffman and 
R.Osserman. 

2 Special Lagrangian submanifolds in C n 

Let C n = {(zi, . . . , z n ) I Zi G C, % — 1, . . . , n} be the complex Euclidean space 
of dimension n endowed with the bilinear product 

n 

(z, w) = ZiWi, Vz, w G C n . 
i=i 

Then (, ) = ) is the Euclidean metric on C n and = — S(, ) the Kaehler 
two-form on C n , which is given by u(v, w) = (Jv, w), where J is the complex 
structure on C n . The two-form uj is exact and it is given by uo = dT, where 
T is the Liouville 1-form on C n defined by 

2T(v) = (v,Jz), 

for all v e T z C n , z G C n . 

We consider the following 1-parameter family of complex volume forms 
on C n : 

tt e = e~ ie ■ dz\ A ... A dz n , 9 G [0, 2tt[. 

Then dt(£le) = cos9^R.(il ) + sin^3(r2o) are calibrations on C n called special 
Lagrangian calibrations with phase 9 (see [2]). 

An immersion : M n — > C n of a oriented manifold M is called special 
Lagrangian with phase 9 if is calibrated with respect to the calibration 
i.e. is the volume form on M. It is well-known (see [2, 

Corollary 1.11]) that given an immersion : M n — > C n of an orientable 
manifold M, then M admits an orientation making <p a special Lagrangian 
immersion with phase 9 if and only if <p is a Lagrangian immersion, i.e. 
(f)*uj = and <p*^s( y Qg) = 0. In this context, it is interesting to recall two 
important properties. The first one (see [2, Proposition 2.17]) is that a 
Lagrangian immersion : M n — > C n of an orientable manifold is minimal, 
i.e. the mean curvature vector of vanishes, if and only if is special 
Lagrangian with phase 9, for some 9 G [0, 27r[. The second one is that if 
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: M n — > C n is a special Lagrangian immersion with phase 6 and A e U{n), 
then A(p : M n — > C n a special Lagrangian immersion with phase 6 + a, 
where e ta = det A. 

The space of oriented Lagrangian n-planes in C n is identified with the 
symmetric space U(n)/SO(n), where the determinant map det : U(n)/SO(n) 
— > S 1 is well defined. If : M n — > C™ is a Lagrangian immersion of an 
oriented manifold and v : M — > U(n)/SO(n) its Gauss map, then det oz/ : 
M -> S 1 is written by det oz/ = e i/3 , for a function /3 : M -> JR/2ttZ called 
the Lagrangian angle map of 0. This map /3 satisfies that JV/9 = niJ, where 
H is the mean curvature of and, in addition, e 1 ^ = (Q,o) p ((f)*T p M) for all 
p G M. Hence, (ft is a special Lagrangian immersion with phase 9 if and only 
ifP(p) =9,Vpe M. 

Among the known constructions of special Lagrangian submanifolds in 
C n , we are particularly interested in the following. If S 2n_1 c C n denotes 
the unit sphere, an immersion ip : N 71 ' 1 -> S 2 "" 1 of an (n - l)-dimensional 
manifold N is called Legendrian if ip*T = 0. This implies that ip*uu = 
and so i[) is an isotropic immersion in C n . Legendrian submanifolds in § 2n_1 
are closely related with Lagrangian submanifolds in the (n — l)-dimensional 
complex projective space CP n_1 . Concretely, if n : § 2n_1 -> CP" -1 is the 
Hopf fibration and : iV™" 1 -> S 2n_1 a Legendrian immersion, then n o ip : 
A rn_1 — > CP n_1 is a Lagrangian immersion. It is remarkable that the induced 
metrics on iV by ip and Uo?fj are the same and that the mean curvature vector 
of ijj is the horizontal lift of the mean curvature vector of II o -0. Moreover, it 
is interesting to mention that locally every Lagrangian sub manifold of CP n_1 
is the projection by II of a Legendrian sub manifold of § 2n_1 . 

Proposition A ([1], [3], [5]) 

Let 7 : I — > C be a regular curve and i[) : N^ 1 — > § 2n_1 a Legendrian 
immersion of an orientable manifold N. Then $:/xJV-* C n , defined by 

$(s,x) = 7(s)^(x), 

is a special Lagrangian immersion if and only if ip is minimal and 7™ has 
curvature zero. 

It happens that $ has singularities in the points (s,x) E I x N where 
7(5) = 0. Up to rotations in C n , the curve 7 can be taken in such a way that 
7 n (s) = c + is with c > (i.e. 3? 7™ = c). We denote the above curve 7 by 
7 C . When c = 0, 70 is the straight line 5fc = and the examples constructed 
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in this way are cones with links ip. When c > 0, 7 C can be parameterized 
by 7c( s ) — 2 \/ s 2 + c 2 e % s and the examples constructed in this way were 
given in [1, Remark 1], [3, Theorem A] and [5, Theorem 6.4]. 

If we take ip in Proposition A as the totally geodesic Legendrian em- 
bedding of § n_1 into § 2n_1 , we obtain the special Lagrangian sub manifold 
invariant under the diagonal action of SO(n) on C n (see Theorem 3.5 in [2]). 
If we take ip as the standard Legendrian embedding of an (n — l)-torus in 
S 2n_1 , then we obtain the examples given by Harvey and Lawson in [2, The- 
orem 3.1]. But there are other important special Lagrangian submanifolds 
coming from Proposition A which have not been exposed yet. We are going 
to describe some of them. 

Example 1 Let gl(n, C), n > 2, the vector space of complex n-matrixes and 
((A,B)) = 3? (Trace AB l ) the Euclidean metric on Ql(n, C). For each real 
number a > 0, 

M a = {B G fll(n, C) / BB l = |det B\ 2/n I , 3? ((det B) n ) = a} 

is a special Lagrangian submanifold with phase n/2 of the complex Euclidean 
space gl(n, C). Moreover, M a is the only special Lagrangian submanifold of 
gl(n, C) invariant under the action of the special unitary group SU(n) on 
gl(n, C) given by 

SU(n) x flI(n,C) — ► gl(n,C) 
(A, B) ^ AB. 

Proof: Suppose that $ : M — > Ql(n, C) is an special Lagrangian immer- 
sion SU(n) -invariant. Then for each B G M and X E su(n), (su(n) stands 
for the Lie algebra of SU(n)), the curve t h- > e tx B is contained in the sub- 
manifold M. So its tangent vector at t — must be tangent to M at B, i.e. 
XB e T B M, for any X G su(n). As $ is Lagrangian, for any X, Y G su(n), 
we have that 

= ((XB, JYB)) = -3 (Trace XB&Y). 

Since X and Y are arbitrary fields in the Lie algebra oiSU(n), from the above 
equation it is easy to conclude that BB f = XI, with A a positive real number, 
and hence there exists a non-null complex number z and a matrix A G SU (n) 
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such that B = zA. As the dimension of M is n 2 , we can parameterize locally 
$ by 



$ : / x 5t/(n) — ► flI(n,C) 
(M) ^ 2^4, 

where / is an open interval in H. and 7 : I — > C is a curve. Now, we use that 



t/j:SU(n) — ► § in - 1 C fll(ra,C) 

is a minimal Legendrian embedding (see [8]), and so $ is one of the examples 
given in Proposition A. Therefore 7 = 7 C for some c > 0, where (7 c ) n (s) = 
c + is. Now it is easy to check that $(/ x SU(n)) C M a , with a = c/n n2/2 . 
This finishes the proof. ^> 

Remark 1 When n = 2, S77(2) = § 3 , dimM a = 4 and the examples M a are 
congruent to the given by Harvey and Lawson in [2, Theorem 3.5]. 

Example 2 Let S(n, C) = {B e &l(n, C) / B = B 1 }, n > 2, the vector space 
of symmetric complex n-matrixes and ((, )) the Euclidean metric induced on 
S(n, C). For each real number b > 0, 

M b = {Be S(n, C)/BB = |det B\ 2 ^ n I, 3? ((det B) n ) = b} 

is a special Lagrangian submanifold with phase n/2 of the complex Euclidean 
space S(n,C). Moreover, M b is the only special Lagrangian submanifold of 
S(n, C) invariant under the action of SU (n) on S(n, C) given by 

SU(n)xS(n,C) — ► S(n,C) 
(A, B) h-> ABA 1 . 

The proof of this result is similar to the proof of Example 1 using in this 
case the minimal Legendrian embedding 

i> : SU(n)/SO(n) — ► S" 2 *"- 1 C S(n,C) 

A-SO(n) i-> -^=AA\ 
V n 

given also by Naitoh in [8]. 
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Remark 2 When n = 2, SU(2)/SO(2) = S 2 , dimM fe = 3 and the examples 
Mb are congruent to the given by Harvey and Lawson in [2, Theorem 3.5]. 
In addition, the special Lagrangian submanifolds given in Example 2 are the 
intersections with the complex subspace S(n,C) of gl(n,C) of the special 
Lagrangian submanifolds given in Example 1. 

Example 3 Letso(2n,C) = {B E g[(2n, C) / B + B 1 = 0},n> 1, the vector 
space of skew- symmetric complex 2n-matrixes and (( , )) the Euclidean metric 
induced on so(2n, C). For each real number c > 0, 

M c = {B eso(2n, C)/BB = -|det B\ 1/n I, K((det£) 2n ) = c} 

is a special Lagrangian submanifold with phase 7r/2 of the complex Euclidean 
space so(2n, C). Moreover, M c is the only special Lagrangian submanifold of 
so{2n, C) invariant under the action of SU{2n) on so(2n, C) given by 

SU(2n) x so(2n, C) — ► so(2n,C) 
(A,B) ^ ABA 1 . 

Again the proof is similar to the above ones, considering in this last case the 
minimal Legendrian embedding (cf. [8]) given by 

if> : SU(2n)/Sp(n) — ► S 4 "^ 1 C so(2n, C) 

A ■ Sp{n) ^ ^=AJ n A\ 
v2n 



where J„ = 




Remark 3 When n = 1, SU(2)/Sp{l) = S 1 , dimM c = 2 and the examples 
M c are once again congruent to the given by Harvey and Lawson in [2, 
Theorem 3.5]. The special Lagrangian submanifolds given in Example 3 are 
also the intersections with the complex subspace so(2n, C) of gl(2n, C) of the 
special Lagrangian submanifolds given in Example 1. 

3 New examples of special Lagrangian sub- 
manifolds in C n 

In the next result we generalize the construction exposed in Proposition A 
in the following way. 
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Theorem 1 Let = (0i,02) : S ^ C 2 fe a Lagrangian immersion of an 
onentable surface £ and ip : M p — > § 2p+1 C C p+1 ; <f : N q ^ E> 2q+1 C 
C 9+1 Legendrian immersions of orientable manifolds M and N . Then the 
Lagrangian immersion 

f :Ex¥xJV — > C n = C p+1 x C 9+1 , n = p + q + 2, 

defined by 

$(u,x,y) = (<pi(u)i>(x),(p2{u)<£(y)) 

is a special Lagrangian immersion if and only if ip : M p — > § 2p+1 and f : 
N q — ► § 2l3+1 are minimal immersions and the Lagrangian angle map (3$ : 
£ — > R/27rZ o/0 satisfies 

/3<f, + p arg 0i + g arg 2 = constant, 

where arg0j : £ — > IR/27rZ are defined by arg0j(-a) = argument (<f>i(u)) , Wu e 
E, i = 1,2. 

Moreover, any special Lagrangian immersion in C n invariant under the 
action of SO(p+l) x 50(0 + 1), with p + q + 2 = n andp, q > 2, is congruent 
to an open subset of one of the above special Lagrangian submanifolds when ip 
and ip are the totally geodesic Legendrian embeddings of 8 P and in § 2p+1 
and § 2<?+1 respectively. 

These special Lagrangian immersions described in Theorem 1 have singulari- 
ties in the points (u, x, y) G E x M x N where either <f>i(u) = or 2 (w) = 0. 

Remark 4 In the limit case n — 2, which implies p = q = and ip — if = 
1 G S 1 , the above equation means that the Lagrangian immersion : E — > C 2 
is special Lagrangian. 

If n = 3, then either p = 1 and g = or p = and q — 1. In both cases, 
■0 or </? must be a minimal Legendrian curve in S 3 , i.e. a great circle in S> 3 , 
which can be parameterized, for example, by ip(t) = (e' lt , e~ lt ). Hence the 
special Lagrangian immersions <&'s of Theorem 1 when n = 3 are given, up 
to congruences, by 

$ : E x R — ► C 3 

t -l\ ( it <M M ) -it I f \\ 

( u ,t) ^ [-^r e '^T e ^ 2 ( u n ' 
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with (3<p + arg0x = constant. These examples are invariant under the action 
of 17(1) = SO (2) on C 3 given by 

e u • 22, z 3 ) = {e tt z u e~ u z 2 , z 3 ) 

and they have been studied in depth by Joyce in [6] and [7]. 

Remark 5 The product of two Lagrangian immersions given in Proposition 
A provide examples of special Lagrangian submanifolds of Theorem 1 whose 
corresponding Lagrangian surfaces are written as (t, s) Gl 2 i— > ( r y(t),r}(s)) G 
C 2 , where 7 P+1 and r) q+1 are plane curves with curvature zero. 

Proof: We start proving the first part of the result. 

If and g v are the induced metrics on E, M and iV by 0, ip and ip 

respectively, the induced metric on S x M x N by <E> is given by + |0i | 2 fiy, + 
\4>2\ 2 9ip- Hence the singularities of the induced metric are in the points where 
either <pi = or 2 — 0. Since is a Lagrangian immersion and ip and ip are 
Legendrian ones, it is clear that the immersion $ is Lagrangian. 

In order to determine when $ is a special Lagrangian immersion, we are 
going to compute the Lagrangian angle map f3q>. Let {ei,e2}, {i>i, • • • ,v p } 
and {wi, . . . , w q } be oriented local orthonormal references on S, M and N 
respectively. Then 

Mi = (ei,0,0), u 2 = (e 2 ,0,0), 
«» = (0, |0i|~V-2,O), i = 3, ...,p + 2, 
= (0,0, |0 2 r 1 Wj- P -2), j =P + 3, ...,n, 

is an oriented local orthonormal reference on £ x M x N. So 
e<* = det • • • , *.(«»)} = ^l^x 

det {$»(ui), $*(u 2 ), (^*(«i), 0), ., 0), (0, y?*(u>i)), (0, y?*K?))}- 

But, for i = 1,2: 

$*( M i) = ^i.(e i )(V',O) + 02,(ei)(O,^). 
In this way we obtain that 

_ giO^+parg^i+garg^) x 



det{(^, 0), (0, (p), 0), ., 0), (0, y?*(wi)), •> (°> ^*( w ?)}- 
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Hence we finally arrive at 




and 



C{y) = {<P, <P*(wi), • • • > <P* {w q )}(y). 



Thus $ is a special Lagrangian immersion, i.e. /3$ is constant, if and only if 
(3$ + p arg <t>\ + q arg 2 is constant on £ and det -B and det C are constant 
on M and TV respectively. 

Taking now into account that B is a unitary matrix because of the Le- 
gendrian character of if), if v is a tangent vector to M we get 



So det B is constant on M if and only if Trace (v(B)B t ) = for any v. If 
is the second fundamental form of ip : M — > S 2p+1 , we have that 

and, using again that tp is a Legendrian immersion, we easily obtain 



where if,/, is the mean curvature of ip. As a summary, we have proved that 
det B is constant if and only if ijj is a minimal immersion. An analogous 
result can be also obtained for C and tp. 

On the other hand, let $ : M n — > C n be a special Lagrangian immersion of 
an orientable manifold M invariant under the action of SO(p+l) x SO(q+l). 
Let p be any point of M and let z — (z±, . . . , z n ) = As $ is invariant 

under the action of SC^p + 1) x 50(5 + 1)> f° r an y matrix X = (X 1 ,X 2 ) in 
the Lie algebra of SO(p + 1) x SO(q + 1), the curve s h-> ze sX with 



u(det.B) = det 5 Trace (v(B)B l ). 



Trace (v(B)B t ) = ip{H^, Jv), 




lies in the submanifold. Thus its tangent vector at s = satisfies 



zX e $*(T P M). 
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Since $ is a Lagrangian immersion, this implies that 

$t(zXY?) = 

for any matrices X = (X 1? X 2 ), Y = (Yi,Y 2 ) in the Lie algebra of SO(p + 
1) x SO(q+l). As p+1 > 3 and q+1 > 3, it is easy to see from the last equa- 
tion that $l(zi, . . . , z p+ i) and $f(zi, . . . , z p+1 ) (respectively 9?(z p+2 , • • • , z n ) and 
$f(zp+2, . . . , z n )) are linear dependent. As SO(p + 1) acts transitively on 
§ p and SO(q + 1) acts transitively on S> 9 , we obtain that z is in the orbit 
(under the action of SO(p + 1) x SO(q + 1) described above) of the point 
(zl 0, . . . , 0, z° p+2: 0, . . . , 0), with |z°| 2 = Eg N 2 and \z° p+2 \ 2 = E? =p+2 N 2 . 
This implies that locally $ is the orbit under the action of SC^p + 1) x 
SO(q + 1) of a surface in C 2 = C n fl {z 2 = . . . = z p+ i = z p+3 — . . . — z n — 0}. 
Therefore M is locally S x § p x S 9 , with S a surface. Moreover, $ is given 
by 

<&{u,x,y) = {(j) 1 (u)x,(/)2{u)y), 

where = (0i,0 2 ) is a Lagrangian surface in C 2 . Finally, as $ is a special 
Lagrangian surface, the result follows using the first part of this Theorem. 

4 The special class of Lagrangian surfaces 

As a consequence of Theorem 1, our interest in this section will be to study 
Lagrangian surfaces : S — > C 2 satisfying P^+pargcpi + garg0 2 = constant, 
where p, g are nonnegative integer numbers. Up to congruences, we can 
essentially look for Lagrangian immersions = (0i,0 2 ) : S — > C satisfying 
+ p arg 0i + g arg 2 = 0. 

4.1 An analytic scheme 

In a first attempt, we could follow some ideas of Joyce in [6] and [7]. We 
define : £ -> C 2 by 

0=(0r i ,0i +i ). 

Then is an immersion with singularities and it is easy to check that 

So, the condition + parg0! + garg0 2 = implies that 0*($5f2o) = 0. 
But to be Lagrangian has not a good translation to 0. We write locally 
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as the graph <p(x,y) = (g(x,y) + iy, f(x,y) — ix) for certain functions /, g. 
Under these conditions, it is easy to check that is a Lagrangian immersion 
satisfying (3</, + p arg 4>\ + q arg 2 = if and only if /, g satisfy the following 
differential equations: 

(!) fx = 9y 

( q + l)\f + x ^g x = _ (p + i)V + y 2 )^/ y , 

which can be considered as a generalization of the Cauchy-Riemann equations 
that corresponds top = q = 0. The first equation just means that (f)*($sQo) = 
and the second one that is a Lagrangian immersion. The solutions 
f(x,y) = ax + b, g(x,y) = ay + c, a,b,c G R, of (1) provide the examples 
described in Remark 5. 

The first equation allows to rewrite (1) in terms of a potential function h 
such that h x = g and h y = f. So (1) becomes in the following second order 
partial differential equation: 

(2) (q + l) 2 (h 2 y + x 2 )^ h xx + (p+ l) 2 (h 2 x + y 2 )^ h yy = 0. 

When p = 1 and q = 0, the equations (1) and (2) correspond to the equations 
(12) and (18) — with a = — in [7]. In our case, at points (x, 0) with g(x, 0) = 
and at points (0, y) with f(0,y) = 0, the equation (1) is no longer elliptic 
as well as in [7]. But if we slightly modify (1), and consequently (2), in 
order to avoid singular points, following [6] we would be able to prove the 
analogous result to Theorem 7.9 in [6], that is, the Dirichlet problem for the 
second-order quasilinear elliptic equation 

(q + l) 2 (h 2 y + x 2 + al)& h xx + (p+ l) 2 (h 2 x + y 2 + aj)^ h yy = 0, 

(a\ 7^ 0, a 2 7^ 0) is uniquely solvable in a strictly convex domain o/R 2 . 
Notice that when ai = a 2 = the above equation is nothing but (2). To get 
such a result for (2), in the spirit of Theorem 8.17 in [7], carries much more 
difficulty The key point is centered in making detailed analytic estimates 
of /, g and their derivatives in order to prove a priori interior estimates for 
them when /, g are bounded solutions of the above equation with a\ ^ and 
a 2 7^ on a domain in M 2 . So we are fully convinced that after a large hard 
work following similar technical analytic tools developed in [7], it could be 
proved existence and uniqueness of weak solutions to the Dirichlet problem 
for (2) on strictly convex domains. 
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4.2 A 4-parameter family in terms of curves 

Now we are going to construct, for each pair of nonnegative integer numbers 
p and q, a 4-parameter family of Lagrangian surfaces : S — > C 2 satisfying 
+parg0i + garg0 2 = 0. The construction involves two couples of planar 
curves whose definitions and properties are studied in the following results. 

Lemma 1 For any p,q>0, let a a = (ai,^) : / C K — > C 2 be the only 
curve solution of 

(3) oijOij = i ai +1 a<2 +1 , j = 1,2, 

satisfying the real initial conditions a a (0) = a = (01,02), 01,02 > 0. Then: 

1. |«i| 2 — |a 2 | 2 = o 2 — a 2 ,. 

2. 3?(ai +1 Q;2 +1 ) = af +1 a2 +1 , i.e. af +1 o;2 +1 a straight line in C. 

3. For j = 1,2, = Vt G J. 

^. T/ie curves otj, j = 1,2, are embedded and can be parameterized by 
(Xj(s) = pj(s)e te i( s \ where 

Pj(s) = y/s 2 + aj, 

dx 

9j{s) = / . 

7o (x 2 + a 2 )vV + a?)P+ V + a D q+l ~ a\ {p+1) al {q+1) 

Proof: From (3) it follows that 

— (Jai| 2 — |«2| 2 ) = 23? (a[ai — d 2 ci2) = 0, 
which proves 1. Using (3) again, we obtain that 

j t (of 4 " 1 ^ 1 ) = < |«i| 2p |« 2 | 29 + 1)H 2 + (q + l)l«i| 2 ) , 

and this implies 2. In order to prove 3., it is enough to check that the curves 
/3j(t) = aij(—t) and Sj(t) = dj(t), j = 1,2, satisfy the same differential 
equation, since /3j(0) = Sj(0) = aj, j = 1,2. 
Finally we prove 4. If we put 

a j {t)=p j {t)e i0 ^\j = 1,2, 
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the equation (3) is equivalent to the equations 

(4) p' jPj =p p 1 +1 pt +1 sm((p+l)6 l + (q + l)6 2 ), j = 1,2, 

(5) p p' j = a { +1 al + \ j = 1,2. 

The equation (5) says that the functions 0j, j = 1,2, are strictly increasing. 
This means, using (4), that t — is the only critical point of pj, j — 1, 2. In 
fact, it is not difficult to show that t = is a minimum of pj, j = 1, 2. We 
know from 3. that Pj(—t) = Pj(i) and 0j(—t) = —9j(t), j = 1,2. So it is 
easy to get that otj, j — 1, 2, are embedded curves and we can reparametrize 
them through the following common change of parameter: 

s = h(t) = y/p}(t) - a), j = l,2. 
Using (4), (5) and 2. we deduce that 

dQj ai +1 a2 +1 s '-12 

ds ~ 2 J 2(p+l) 2( 9 +l) 2(p+l) 2(9+1) ' 3 ~ ' ' 

V Pi P2 ~~ tt l tt 2 

which finishes the proof of 4. <> 

Lemma 2 For any p, g > 0, let 7 6 = (71,72) : V C K -> C 2 be the only 
curve solution of 

(6) 1 '^ = (-iy-Hr 1 +1 il +1 ,j = i,2, 

satisfying the real initial conditions 7&(0) = b = (pi, 62), 61, 62 > 0. Then: 

1. | 7l |2+| 72 |2 = 6 2 + 6 2_ 

2. 3?(7f +1 7l +1 ) = &i +1 ^2 +1 , i-e. l P i +1 l Q 2 +1 is a straight line in C. 

3. For 3 = 1,2, * f] (t)= lj (-t), We/'. 

^. // n n 6 2{p+1) 62 fa+1) < (p + l) p+1 (g + l) q+l (b\ + fr 2 ,)™, n = p + q + 2, the 
functions \~fj\, j = 1, 2, are periodic with the same period T = T(b). In 
this case, for such b 's, % is a closed curve if and only if 

b\ +1 b q 2 +1 ( f T dt [T dt \ ^ 2 



2tt \J | 7 i| 2 (t)Vo | 72 | 2 (t) 
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5. Ifb= ^ (V^TT, v^Tl), with \ p+q = (p + l) p (q + l) q (that corres- 
ponds with the equality in the inequality of 4-), the curve % is given 
by 



1 / I i.f^t I 



Remark 6 The curve given in Lemma 2.5. defines an embedding 7^ : S 1 — > 
C 2 such that 

lb (S 1 ) = {(z,w) G C 2 /Xz p+1 w q+1 = V(P + !)(? + !). (?+l)kl 2 = (P+1)M 2 )- 

Proof: We omit the proofs of 1., 2. and 3. because they are very similar 
to the corresponding ones in Lemma 1. The proof of 5. is a straightforward 
computation. To prove 4. we proceed as follows. If we write 

-y j (t) = Q j (t)eW>,j = l,2, 

the equation (6) is equivalent to the equations 

(7) ( / j Q j = (-iy- 1 (t 1 & 1 <*a((p+tyi + (q + ty2), J = 1,2, 

(8) Q 2 ^ = (-lr^&f 1 , J = 1,2. 

Using 1. we can put 

Qi = \Ai + bl cos v, g 2 = \Jb\ + b\ sin v, 

for a certain function v = u(s) G [0, tt/2]. Then (7) and 2. leads to 

(6 2 + 6 2 ) 2 sin 2 v cos 2 z/ {v'f = {b\ + 6 2 )" cos 2 ^ 1 ) v sin 2 ^ 1 ) z/ - b\ {p+1) b 2 2 {q+l) . 

We analyze the set of critical points of v from the above o.d.e. First we 
observe that u(2s — s) = v(s) if u'(s ) = 0. Let x = cos 2 u(s ) G [0,1]. 
Then x must satisfy (b\ + b 2 2 ) n x p+1 (1 - - b\ {p+1) bf q+1) = 0. Studying 

the roots of this equation in [0, 1] we conclude that v has exactly two critical 
values only if n n b\ {p+1) bf q+1) < (p+ l) p+1 (q + l) q+l {b\ + b 2 2 ) n . In this case, Ql 
and Q 2 are periodic functions with the same period, say T. If 7^ is a periodic 
curve, then its period must be an integer multiple of T = T{b). Using (8) it 
is not complicated to get that 7^ is a closed curve if and only if "&j(T) G 27rQ, 
j — 1,2, what proves 4. <> 

We already have the tools for the construction of a 4-parameter family of 
Lagrangian surfaces in C 2 verifying the desired property. 
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Corollary 1 For each pair of integer numbers p, q > 0, let a a = (ai,a 2 ), 
a = (ai,a 2 ), a x ,a 2 > 0, and 7 b = (71,72), b = (61, 6 2 ), h,b 2 > 0, be the 
curves of C 2 introduced in Lemmas 1 and 2. Then the map 

: / X /' C R 2 > C 2 , 

defined by 

0(t, s) = (ai(t)7 1 (s),a 2 (t)7 2 (s)), 
is a Lagrangian immersion satisfying (3^ + parg0i + garg0 2 = 0. 

Proof: Taking into account (3) and (6), it follows that 

( 9<f) d<f)\ 2 , _ _, , _ 2 _, 
\dt' ~ds~) = f^'W^ = ai<Xl 2L,Wi = °- 

Thus is a Lagrangian immersion. It is clear that 

p q p q 

gifcarg^+qarg^) = a l Q 27l 72 

\a 1 \ p \a 2 \ q \'yi\P\'y 2 \ c i' 
On the other hand, from section 2 it follows 

e ^(M) = n (^r (tia) (/x/')). 

So, using again (3) and (6), we have that 

f, I!) (KPN 2 + |a 2 | 2 |7i| 2 )^7?7 2 9 ggjgTj 



(|ai| 


2 


721 


2 + 


ct 2 \ 


2 


7l 






# A- 

at 


9s 1 





6 I— 1 — — ■'■ — \a.-i\P\a.o\ q \^i'i\P\^i\ q 

I at ds I I at A a s I 111 121 1 ni 1 r21 

Finally, we get 

e i(/30+parg0i+<jarg0 2 ) _ J 

which proves the result.^ 

By combining Corollary 1 and Theorem 1 we conclude that from Le- 
gendrian minimal immersions ip and tp in odd-dimensional spheres and the 
curves a a = (01,02) and 7^ = (71,72) of Lemmas 1 and 2, the immersions 

(t,s,x,y) 1 — ► {a 1 {t)-t 1 {s)^{x),a 2 {t)-t 2 {s)ip{y)) 

provides a 4-parameter family of special Lagrangian submanifolds in C n . 
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Corollary 2 For each a = (01,02) with a\,a2 > and each pair of integer 
numbers p, q > 0, 

p+lg+lA A 

ura£/i A p+g = (p + l) p (o + l) q , is a Lagrangian surface S a in C 2 satisfying 
Ps a +parg(S a )i + garg(S a ) 2 = 0. 

Proof: Taking in Corollary 1 any curve a a from Lemma 1 and the curve given 
in Lemma 2,5., it is easy to prove this Corollary making use of Remark 6.<> 

Remark 7 The surfaces S a are topologically 1 x S 1 . Moreover, following 
Remark 2, in the limit case p = q = 0, E a defines a 2-parameter family 
of special Lagrangian cylinders, which corresponds with the family of com- 
plex surfaces of C 2 with finite total curvature —Am given by Hoffman and 
Osserman in [4, Proposition 6.6, case 2]. 
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